MATH 307: Problem Set #1

Due on: April 5, 2013

Problem 1 First Order Linear Equations
For each of the following equations:

(i) Use a computer to graph the slope field of the differential equation.
*Include a printout of your graph with your homework*

(ii) Based on inspection of the direction field, describe how you expect solutions to
behave for large values of ¢

(iii) Find the general solution to the equation and use it to determine how the
solution behaves as ¢t — oco.

(0) of — 2y = e
(b) ty' + 2y = sin(t), for t > 0

(c) ty —y=t2et fort >0
Solution 1.
(a) Suppose that p = u(t) is our integrating factor. Then
p(t)y' = 2u(t)y = p(t)t*e*
is exact. Putting this in M, N-notation

M(ty) N(ty)

A

-~

2 2t /
—p()t7e™ = 2u(t)y + p(t) y' =0

exactness means that OM /0y = ON/0t, and therefore

—2p(t) = p'(¢)



Problem 1 2

This differential equation is easy to solve! A solution is u(t) = e~?!. Thus the
equation
e~y — ety — 42

is exact! We can group stuff together on the left hand side to then get
(672ty)/ — t2

Now integrating both sides with respect to ¢, we find

/ (e y)'dt = / t2dt

1
e 2y = §t3 +C

1
Y= §t3e2t + Ce?

(b) Suppose that u = pu(t) is our integrating factor. Then

ult)ty’ + 2yp(t) = () sin()
is exact. Putting this into M, N notation, we then get

M(t,y) N(ty)

.

2u(t)y — 2u(t) Sin(t5+@y’ = 0.

exactness means that M /0y = ON/0t, and therefore

2u(t) = p(t) + 1 (2).

This simplifies to
ult) =ty (1),
This equation really easy! A solution is pu(t) = ¢t. Thus the equation

2y + 2ty = tsin(t)
is exact! We can group the things on the left together to find
(t*y) = tsin(t)
Now integrating both sides with respect to ¢, we find

/ (t*y) dt = / tsin(t)dt

t2y = sin(t) — tcos(t) + C
y =t ?sin(t) —t *cos(t) + Ct 2
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(c) Suppose that p = p(t) is our integrating factor. Then
pt)ty' — p(t)y = pt)t’e™
is exact. Putting this in M, N-notation
M(ty) N(ty)
2 _—t !
—pu(t)y — p()t"e™ +tu(t)y =0

exactness means that OM /0y = ON/0t, and therefore

—pult) = p(t) + 1 (t)

which simplifies to
—2pu(t) = tp'(t).
This differential equation is a quickie, and a solution is u(t) = ¢t~2. Thus the

equation

7y — 72y = et

is exact! We can group things together on the left hand side to get
(tly) ="

Integrating both sides, we find

/ (t™1y) dt = / e~tdt

tly=—"+C
y=—te " +Ct

Problem 2 First Order Linear Initial Value Problems
Find the solution to each of the given initial value problems

(a) ¢ +2y =te™? y(1) =

(b) ¥ +2y/t = 5 cos(t), y(m) =
(¢) ty' + 2y =sin(t), y(7/2) =
(d) Py +4tPy ="' y(-1) =

Solution 2.
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Problem 2

(a) Multiply by integrating factor pu(t):

p(t)y' +2u(t)y = p(t)te™
Put into M, N-notation form:

M(ty) N(ty)

) Y
2u(t)y — p(t)te™ + u(t) y' =0

Exactness implies that OM/dy = ON/0t and therefore

A solution of this equation is u(t) = e*. Thus we have
ey’ + 2e*y = t.
Gathering together the y-terms, we get
(e*y) =t.
Lastly we integrate and solve for y:

/ (e*y)dt = / tdt

1

ely=-t*+C
2
1
Y= 52526_% + Ce ™

Since y(1) = 0, we get

0= L1202 | 2
2 )

and therefore C = —%. Thus the solution is

1 1
y(t) Ste 5¢

(b) Multiply by integrating factor u(t):
1
)y’ + 20(8)y/t = p(t) 5 cos(t)

In M, N notation, this is
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Exactness implies that OM/Jy = ON/0t and therefore
2u(t)/t = '(t)
and a solution to this is p(t) = t*. Thus we have the exact equation
t2y + 2ty = cos(t)
Exactness of this equation allows us to gether all the y parts to get

(2y) = cos(t)

/(to)’dt = /cos(t)dt

t2y = sin(t) + C
y =t"%sin(t) + Ct 2

Integrating then leads to

Since y(m) = 0, we also know that
0 =7 ?sin(n) + Cn 2
and therefore C = 0. The solution is therefore

y =t ?sin(t).

Multiply by integrating factor u(t):

p()ty' +2u(t)y = p(t) sin(t)
In M, N notation form

M(ty) N(ty)

A\

Su(t)y — pu(t) sin(D) + (01 = 0

Exactness implies that OM /0y = ON/0t and therefore

2u(t) = p(t) + 4 (1)

This simplifies to
pu(t) = tu'(t).

A solution of this equation is u(t) =t Thus we have the exact equation
t*y + 2ty = tsin(t)
Exactness gives us the power to gather together the y parts:

(t*y) = tsin(t).
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Integrating both sides, we find

/ (t*y) dt = / tsin(t)dt

t*y = sin(t) — tcos(t) + C
y =t ?sin(t) —t *cos(t) + Ct 2

Now using the fact that y(7/2) =1 we find
1 = (7/2) %sin(n/2) — (7/2) ' cos(m/2) + CO(n/2) 2,

and therefore C = WT — 1. Thus the solution is

2
y =t"%sin(t) — t* cos(t) + (% — 1) 2

Multiply by integrating factor u(t):

p)ty +Ap(t)t'y = p(t)e™
In M, N-notation form this is

M(t,y) N(t,y)
% ~ —~
Ap(t)t?y — pt)e™ +pt)t’y' = 0
Exactness implies that OM /0y = ON/Ot and therefore
Ap(t)t* = p' ()t + 3t° ()

which simplifies to
p(t) = ' (t)t.
A solution to this equation is u(t) = ¢, and therefore we have the exact equation
thy! + 43y = te™?
Since this is exact, we can gather the y parts:
(ty) = te”

Now integrating both sides with respect to ¢, we find

/ (thy)dt = / tetdt
tly=—tet—et+C
y=—tet —tlet Ot
Using the fact that y(—1) = 0, we then obtain
0=—(=1)3 - (=)' +C(-1)™
and therefore C' = 0. Hence the solution is

Bt _ 4t

y=—t e
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Problem 3 Variation of Parameters

Use variation of parameters to find the general solution of the given differential equa-
tion

(a) ¥ +y/t = 3cos(2t)
(b) 2y +y = 3t?

Solution 3.

(a) We rewrite this in ¢ = p(t)y + ¢(t) notation:

A solution to this equation is yy(t) =
eters tells us that y = v(t)yy(t), wher

v(t) = / th((?) dt = /3t cos(2t)dt = gt sin(2t) + %cos(%) +C

Hence
3 3,1 -1
y(t) = 3 sin(2t) + Zt cos(2t) + Ct

We rewrite this in ¥ = p(t)y + ¢(t) notation:

0 a(t)
A~ A~

g _1 + §t2

y= 59T 50

Let y, be a solution to the corresponding homogeneous equation. That is:

;1
Yn = 2Z/h

t/2

A solution to this equation is y,(t) = e "#. Then the method of variation of

parameters tells us that y = v(t)y(t), where

t 3
o(t) = / AU /—tht/th = 3t%"? — 12te'? + 24¢' + C
yh(t) 2

Hence
y(t) = 3t% — 12t + 24 + Ce /2
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Problem 4 Separable Equations

In each of the following, find a family of solutions parametrized by a constant

dx y+eY

d 22
(d) _g = 1+y2
Solution 4.

(a) Using the usual steps of separating and integrating, we find

2

, T
yy_1+I3

2
ydy = e

/ydy—/1+3x

1

2
y2:§log|1+x3|+0

2
y:i\/§10g|1—l—x3|+0

(b) Using the usual steps of separating and integrating, we find

y = y’sin(z)
%y' = sin(z)
1 :
Edy = sin(z)dz
1
/Edy = /sm( )dx
= —cos(z) + C
2 ()
B 1
~ cos(z) +C
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(c) Using the usual steps of separating and integrating, we find

1 1
§y2+ey:§x+6_w+C’

This equation is too hard to solve for y, so we leave it in this form.

(d) Using the usual steps of separating and integrating, we find

This equation is too hard to solve for y, so we leave it in this form.

Problem 5 Separable Initial Value Problems
For each of the following initial value problems
(i) Solve the initial value problem

(ii) Using a computer, graph the solution
*Attach a printout of your graph to your homework*

(iii) Determine as accurately as you can the interval in which the solution is defined

(a) xdxr +ye *dy =0, y(0) =1

(b) ¥ = %=, y(0) = 1

2y—5

Solution 5.
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(a) We start out by finding a big family of solutions

xdr = —ye “dy

retdr = —ydy
/xexdx = /—ydy

T T 1 2

ze' —e" +C = —3¥

y = +vV—2ze% + 2¢7 + C

Now from the initial condition, we have y(0) = 1, so we know that we want the
+ in front of the square root above. Also this means that

1=+/—2(0)e +2¢0 + C,

and therefore C' = —1. We conclude

y =/ —2re® + 2er — 1

This solution is defined for —2ze® 4+ 2e* — 1 > 0, or for & between approximately
—1.678 and 0.768.

(b) We start out by finding a big family of solutions

(2y — 5)y = 32* — €”
(2y — 5)dy = (32* — ”)dx

/ (29 — 5)dy — / (302 — ¢")da

Y —by=12"—¢e"+C
5 \/25+4(2% —e” + O)

Y

Now y(0) = 1 tells us that we want the negative sign in front of the square root!

Also it says
5—+2144C
2

and therefore C = —3. Hence the solution is

1=

5 — 25+ 43 — de* — 12
Y= 9

This is defined for 25 + 423 — 4e® — 12 > 0 or = between approximately —1.4445
and 4.6297.
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Problem 6 Homogeneous Equations

For each of the following, show that the equation is homogeneous. Then find a family
of solutions differing by a constant

() =2

dx 2xy
dy _ _ 4x+3y
(b) dr 2x+y

Solution 6.

(a) Since

dy_
dr

1

/) — 5 /)

it is clear that this differential equation is homogeneous. By setting z = y/x, we
know that y = zz, and therefore

dz 1 11
T— = —2 — ——
de 2 2z
dz_1z2—1
de 2 =z
z dz_ 1
22— 1dr =z
1
2 dz = —dx
22 —1 T
z 1
222_1dz: ;d:c

In|z2 —1|=In|z|+C
2 —1=0Cx

Since y = zz, it then follows

2=Cx+1

z=2+vCx+1

y=tzvCx+1.
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(b) Since
dy  4+3y/x
dr ~ 2+y/z
it is clear that this differential equation is homogeneous. By setting z = y/x, we
know that y = zz and therefore

Thus the old differential equation may be rewritten as

. dz 4+ 3z
Z24+r—=—
dx 24z

This is separable! We then solve for z in the usual way

dz_ 4+ 3z
x%__Q—i—z_
dz  4+5z+ 2
x%—— 24z
242z dz 1
CA4+5z+22de x
11 21 \dz 1
‘(§z+1+§z+4)@—;
1 1 2 1 1
‘(§z+1+§z+4)dzzzdx

1 1 2 1 1
— = = dz= | —d
/(3z+1+3z+4) y /x v
1 2
- glog]z+1]+§log]z+4] =log |z| +C

log |z + 1] 4+ 2log |z + 4| = —3log|z| + C

log |z + 1| + log(z + 4)? = —=3log |z| + C

log |(z + 1)(z + 4)?| = —=3log |z| + C
(z4+1)(z+4)? =0z

This is as far as we can reasonably simplify. Now using the fact that z = y/x, we

get the equation
) ) 2 -3
=+1)(=+4) =Cx
x x

Multiplying both sides by #® makes this look a bit better

(y + ) (y + 4z)? = C.
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