
MATH 307: Problem Set #4

Due on: October 22, 2014

Problem 1 Homogeneous ODEs with Const. Coeffs: Distinct Roots

In each of the following, find the general solution of the given differential equation

(a) y′′ + 3y′ + 2y = 0

(b) 2y′′ − 3y′ + y = 0

(c) y′′ − 2y′ − 2y = 0

. . . . . . . . .

Solution 1.

(a) The characteristic equation is r2 + 3r+ 2, which has roots r1 = −1 and r2 = −2.
Hence the general solution is

y = C1e
−t + C2e

−2t.

(b) The characteristic equation is 2r2 − 3r+ 1, which has roots r1 = 1/2 and r2 = 1.
Hence the general solution is

y = C1e
t/2 + C2e

t.

(c) The characteristic equation is r2 − 2r − 2, which has roots r1 = 1 +
√

3 and
r2 = 1−

√
3. Hence the general solution is

y = C1e
(1+
√
3)t + C2e

(1−
√
3)t.
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Problem 2 Homogeneous IVPs with Const. Coeffs: Distinct Roots

In each of the following, find the solution of the IVP

(a) y′′ + 4y′ + 3y = 0, y(0) = 2, y′(0) = −1

(b) y′′ + 3y′ = 0, y(0) = −2, y′(0) = 3

. . . . . . . . .

Solution 2. (a) The characteristic equation is r2+4r+3 = 0 which has roots r1 = −1
and r2 = −3. Hence the general solution is

y = C1e
−t + C2e

−3t.

We calculate then that
y′ = −C1e

−t − 3C2e
−3t.

This means that y(0) = C1 + C2 and y′(0) = −C1 − 3C2. Therefore our initial
condition tells us

C1 + C2 = 2

−C1 − 3C2 = −1,

and solving this, we find C1 = 5/2 and C2 = −1/2. Therefore the solution is

y =
5

2
e−t − 1

2
e−3t.

(b) The characteristic equation is r2 + 3r = 0 which has roots r1 = 0 and r2 = −3.
Hence the general solution is

y = C1 + C2e
−3t.

We calculate then that
y′ = −3C2e

−3t.

This means that y(0) = C1+C2 and y′(0) = −3C2. Therefore our initial condition
tells us

C1 + C2 = −2

−3C2 = 3,

and solving this, we find C1 = −1 and C2 = −1. Therefore the solution is

y = −1− e−3t.
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Problem 3 Complex Number Problems

In each of the following, rewrite the expression in the form a+ ib

(a) e2−3i

(b) e2−(π/2)i

(c) π−1+2i

. . . . . . . . .

Solution 3.

(a)

e2−3i = e2e−3i = e2(cos(−3) + i sin(−3))

= e2(cos(3)− i sin(3)) = e2 cos(3)− ie2 sin(3)

(b)

e2−(π/2)i = e2e−(π/2)i = e2(cos(−π/2) + i sin(−π/2))

= e2(0− i) = −ie2

(c)

π−1+2i = (π)−1+2i = (eln(π))−1+2i = eln(π)(−1+2i)

= e− ln(π)+2 ln(π)i = e− ln(π)e2 ln(π)i

= e− ln(π)(cos(2 ln(π)) + i sin(2 ln(π)))

= e− ln(π) cos(2 ln(π)) + ie− ln(π) sin(2 ln(π))

=
1

π
cos(2 ln(π)) + i

1

π
sin(2 ln(π))

Problem 4 Homogeneous ODEs with Const. Coeffs: Complex Roots

In each of the following, find the general solution of the ODE

(a) y′′ − 2y′ + 6y = 0

(b) y′′ + 2y′ + 2y = 0

(c) y′′ + 4y′ + 6.25y = 0

. . . . . . . . .
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Solution 4.

(a) The corresponding characteristic equation is r2 − 2r + 6 = 0, which has roots
1±
√

5i. Hence the general solutions is

y = C1e
t cos(

√
5t) + C2e

t sin(
√

5t).

(b) The corresponding characteristic equation is r2 + 2r + 2 = 0, which has roots
r1 = −1± i. Hence the general solutions is

y = C1e
−t cos(t) + C2e

−t sin(t).

(c) The corresponding characteristic equation is r2 + 4r + 6.25 = 0, which has roots
r1 = −2± 3

2
i. Hence the general solutions is

y = C1e
−2t cos(3t/2) + C2e

−2t sin(3t/2).

Problem 5 Homogeneous IVPs with Const. Coeffs: Complex Roots

In each of the following, find the solution of the IVP

(a) y′′ + 4y = 0, y(0) = 0, y′(0) = 1

(b) y′′ + 4y′ + 5y = 0, y(0) = 1, y′(0) = 0

. . . . . . . . .

Solution 5.

(a) The corresponding characteristic equation is r2 + 4 = 0, which has roots ±2i.
Hence the general solution is

y = C1 cos(2t) + C2 sin(2t).

Therefore
y′ = −2C1 sin(2t) + 2C2 cos(2t),

and it follows that y(0) = C1 and y′(0) = 2C2. Then our initial condition tells us

C1 = 0

2C2 = 1

and therefore C1 = 0 and C2 = 1/2, so that the solution to the initial value
problem is

y =
1

2
sin(2t).
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(b) The corresponding characteristic equation is r2 + 4r + 5 = 0, which has roots
−2± i. Hence the general solution is

y = C1e
−2t cos(t) + C2e

−2t sin(t).

Therefore

y′ = −2C1e
−2t cos(t)− C1e

−2t sin(t)− 2C2e
−2t sin(t) + C2e

2t cos(t),

and it follows that y(0) = C1 and y′(0) = −2C1 + C2. Then our initial condition
tells us

C1 = 1

−2C1 + C2 = 0

and therefore C1 = 1 and C2 = 2, so that the solution to the initial value problem
is

y = e−2t cos(t) + 2e−2t sin(t).

Problem 6 Homogeneous ODEs with Const. Coeffs: Repeated Roots

In each of the following, find the general solution of the ODE

(a) 9y′′ + 6y′ + y = 0

(b) 4y′′ + 12y′ + 9y = 0

(c) y′′ − 6y′ + 9y = 0

(d) 25y′′ − 20y′ + 4y = 0

. . . . . . . . .

Solution 6.

(a) The roots of the characteristic equation are r1 = r2 = −1/3, and therefore the
general solution is

y = C1e
−t/3 + C2te

−t/3.

(b) The roots of the characteristic equation are r1 = r2 = −3/2, and therefore the
general solution is

y = C1e
−3t/2 + C2te

−3t/2.

(c) The roots of the characteristic equation are r1 = r2 = 3, and therefore the general
solution is

y = C1e
3t + C2te

3t.

(d) The roots of the characteristic equation are r1 = r2 = 2/5, and therefore the
general solution is

y = C1e
2t/5 + C2te

2t/5.
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Problem 7 Reduction of Order

In each of the following, use the method of reduction of order to find a second solution
of the ODE

(a) t2y′′ + 2ty′ − 2y = 0, t > 0 (one solution is y(t) = t)

(b) (x− 1)y′′ − xy′ + y = 0, x > 1 (one solution is y(x) = ex)

. . . . . . . . .

Solution 7.

(a) We try a solution of the form y = v(t)t. Then y′ = v′(t)t + v(t) and y′′(t) =
v′′(t)t+ 2v′(t), so that

t2y′′ + 2ty′ − 2y = t2(v′′(t)t+ 2v′(t)) + 2t(v′(t)t+ v(t))− 2(v(t)t)

= t3v′′(t) + 4t2v′(t).

Then since t2y′′ + 2ty′ − 2y = 0 (in order to be a solution to the equation), we
must have

t3v′′(t) + 4t2v′(t) = 0.

Dividing both sides by t2, this simplifies to

tv′′(t) + 4v′(t) = 0.

Now if we substitute w = v′, then this equation becomes

tw′(t) + 4w(t) = 0.

This equation is separable, and the solution is w(t) = C1t
−4, where C1 is an

arbitrary constant. Then since v′(t) = w, it follows that v(t) = C1t
−3 + C2

(where we’ve left −C1/3 as C1 since it’s an arbitrary constant anyway). Hence
another solution is

y = v(t)t = C1t
−2 + C2t,

and in fact this is the general solution.

(b) We try a solution of the form y = v(x)ex. Then y′ = v′(x)ex + v(x)ex and
y′′ = v′′(x)ex + 2v′(x)ex + v(x)ex, so that

(x− 1)y′′ − xy′ + y

= (x− 1)(v′′(x)ex + 2v′(x)ex + v(x)ex)− x(v′(x)ex + v(x)ex) + (v(x)ex)

= (x− 1)exv′′(x) + (x− 2)exv′(x).

Then since (x− 1)y′′−xy′+ y = 0 (in order to be a solution to the equation), we
must have

(x− 1)exv′′(x) + (x− 2)exv′(x) = 0.
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Dividing both sides by ex, this simplifies to

(x− 1)v′′(x) + (x− 2)v′(x) = 0.

Now if we substitute w = v′, the equation becomes

(x− 1)w′(x) + (x− 2)w(x) = 0,

which is separable. The solution is

w = C1(x− 1)e−x.

Then since v′ = w, it follows that

v = −C1xe
−x + C2.

Hence another solution to the original differential equation is

y = vex = −C1x+ C2e
x,

and in fact this is the general solution.
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