Math 307 Quiz 5

May 7, 2014

Problem 1. Find the general solution to the differential equation
y" — 5y + 6y = 3¢

Solution 1. We first find the general solution to the corresponding homo-
geneous equation

Yy — by, + 6y, = 0.
The characteristic polynomial of this equation is 7% — 5r + 6, which has roots
2,3. Therefore the general solution to the homogeneous equation is

yn(t) = Cre® + Coe™.

We next find a particular solution to the original homogeneous equation. We
propose a solution of the form y, = Ae’. Then y, = Ae' and y, = Ae, so
that

Yy — 5y, + 6y, = 2Ae".

Since we want y, — 5y, + 6y, = 3¢’, we should take A = 3/2. Then y, =
is a particular solution, so the general solution is

3t
e

Yy=ynt+y,= Cre® + Coe® + %et.
Problem 2. Consider the differential equation
(*) " — 5y + 6y = Te* sin(t).
Suppose also y, is a particular solution to the differential equation

:'J// . 5@// + 6@“ — 7€at

for what value of a is y, = Im(y,) a particular solution to (x)?
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Solution 2. In order for y, = Im(y,) to be a particular solution to (x), we
need for

Im (7e™) = Te* sin(t).
This is exactly the case if we take a = 2 + 1.

Problem 3. Find the general solution to the differential equation
y' — 5y + 6y = Te* sin(t).

Solution 3. In the first problem, we found the general solution to the cor-
responding homogeneous equation

yn(t) = Cre* + Coe™.

Thus we need only find a particular solution. To do so, we instead find a
particular solution y, of

T — 57, + 67 = Te*H.

To do so, we propose a solution of the form 7, = Ae*)! so that Y, =
(2+14) AT and g = (24 i)2Ae®™" and therefore

7y — 5, + 67, = [(2+14)* —5(2+14) + 6] Ae®™" = (=1 — i) Ae®*T".

Therefore to get a particular solution to our differential equation, we should

take _—
A=17/(-1—-1) :—§—I—§z

Thus we get a particular solution to the ~ equation

7T 7 : 7 7 7 7
~ (L 0N e L o Lo L ot LT :
Up ( 5 + 22) e 5¢ cos(t) 5¢ Sln(t)+<2e cos(t) 5¢ sm(t)) i

From this we see that a particular solution y, to the original equation is given

by
~ 7 o 7 oot
yp, = Im(y,) = 3¢ cos(t) — ¢ sin(t)

Therefore the general solution is

7 7
Y =1yn+yp,=Cre* + Coe® + 56% cos(t) — 56% sin(t)



Problem 4. Find the general solution to the differential equation
y' — 5y + 6y = e* sin(t) + 4e’.

Solution 4. Let y; be the particular solution we found in Problem 1, and y,

be the particular solution we found in Problem 3. We define a linear operator
L by
Lly] :==y" — 5y + 6y.

The differential equation above may then be rewritten as
L[y] = e*sin(t) + 4e’.

Notice that L[y;] = 3e' and L[ys] = 7e**sin(t). Therefore, if A and B are
any constants,

L[Ay, + Bys] = AL[y1] + BL[ys] = 3Ae" + 7Be* sin(t).
Thus if we take A =4/3 and B = 1/7, then
L[(4/3)yy + (1/7)y] = €* sin(t) + 4e’.

Thus y, = (4/3)y1 + (1/7)y2 is a particular solution to the above equation.
Using the values of y; and yy obtained previously, we find our particular

solution to be . ]
Yy, = 2" + §€2t cos(t) — Ee% sin(t).

Our general solution is therefore

1 1
Y=Ynt+y,= Cre® + Cye® + §e2t cos(t) — 56% sin(t).



