Weekly Homework 1

Due: Monday April 13, 2015
April 15, 2015

Problem 1 (Solutions To Differential Equations). For each of the following , show
whether or not the specified function is a solution to the corresponding differential equation.

(a) y//// + y/// + y/ —y =0, y(x) = COS(J?)

(b) %+ % + 6udt =0, u(z,t) = Sesech? %(as —ct—a)

(c) ¥ —y =0, y(x) = sinh(x)

Solution 1.

/ / "1

= —sin(x), ¢y =sin(z) = —y/, y"" = cos(z) = y. Therefore vy +y" +y' —y =0

(a) ¥

(b) This is a famous equation known as the KdV equation. The function u(z,t) is a well-
known solution, called a soliton solution. To see that it is a solution, one can take all
the various partial derivatives of u(x,t) and plug everything in. Alternatively, one may
define z = ¢ — zt — a. Then u(z,t) = f(z) for f(z) = Lesech?(y/cz/2). Therefore

up=—cf'(2), = f(2); Usza=f"(2).
Substituting this in to the KdV equation, we obtain
—cf'(2) + ["(2) +6f(2)['(2) = 0.
Note that 2f(2)f'(z) = (f(2)?)’. Therefore we can integrate the above equation to obtain
—cf(2) + f'(2) +3f(2)" = A.
We have complete discretion over the choice of A. Take A = 0. Then

(=) = 5 V/esech® (Vez/2) tan(Vez 2),

and therefore
2

f"(z) = %sechz(\/éz/Q) tanh?(v/cz/2) + Czsech4(\/zz/2)

2 C2

= %sechQ(\/Ez/Q)(seCh2(\/Ez/2) -1+ Zsech4(\/5z/2)

—9f(2)? — f (2) + (2)2.
Thus f satisfies the equation, and it follows that u(x, t) is a solution to the KdV equation
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(c¢) Note that y' = cosh(x) and y” = sinh(z) =y. Thus " —y =0

Problem 2 (Solving differential equations). For each of the following differential equa-
tions, do the following

(i) Identify the type of differential equation

(ii) Find the “general solution”

(a) ¥y =2y +3

(c) sin(u)% = cos(u)/(1 + t?)

(d

e) 3z —4y)dy = (22 + Ty)dx

)

(e)

(f) % +y/t = 6cos(4t)
(g) ¥ +y = cos(t)

(h) ¥ =1-y°
Solution 2.

(a) This equation is linear, with integrating factor u(x) = ¢=2*. Thus
2%y — 26 2y — 372

is exact. Grouping things together, we obtain

<€—23: ) — 3 —2x
and therefore 3
ey =—Ze 2 4 (.
2
Thus 3
_ _ = C 21.
Y 7 + Ce

(b) This equation is linear since it simplifies to
y=x—-y
An integrating factor for this equation is e”, giving us the exact equation

"y + ey = xe®.



Grouping things together, we obtain
(e"y) = xe®.
Integrating, we now obtain
e’y =xe® —e* + C.
Therefore
y=x—1+Ce ™.
This equation is separable. Separating, we obtain

1

et

tan(u)du =
Now integrating, we obtain
—Incos(u) = tan~'(t) + C.

Therefore
u = cos *(exp(—tan"'(¢) + C)).

this equation is homogeneous, since it simplifies to

dy

2w/ - W),

Using the substition z = y/t, y' = z + t2’ we then obtain

24ty =27 — 2

Simpliflying this equation, it becomes

, 1—222
tz = .
z
This is separable! Separating, we obtain
1
©_dx=dt.
1—222 t

Now integrating, we obtain
1 2
2 In(1—22°) =1In(t) + C.

Solving for z, we obtain
z=4/Ct=4+1/2.

Then since y = tz, it follows that

y = £t\/Ct=4+1/2.



(e) This equation is homogeneous, since we may simplifiy it to

, 20 4Ty 24+ 7(y/x)
Y 3z -4y 3—4(y/x)

Then doing the substitution z = y/z, y = z + x2’, we obtain

24z = 2+ 72
3—4z

This simplifies to
;2447472

v 3 —4z

This is separable! Separating, we obtain

3 —4z 1d
———dz = —dx.
2+ 4z — 422 T

Integrating the left hand side, we get

/ 3—4z J / 1 d +/ 2 —4z d
—  dz= | ——————————dz —dz
24+ 4r — 422 2+ 4z — 422 2+ 4z — 422

1/4 2 —4z
- d T 4
/3/4—(z—1/2)2 Z+/2—|—4z—4z2 :

1 2 1
= —tanh! (—z—l 2)+—ln 2+ 4z — 42|+ C
S tah (—(z=1/2)) +5In |

and thus

1 2 1
— tanh ' | —=(2—1/2) ) + =In|2+ 42 — 42%| = In|z| + C.
szt (oo -172)) 4 in] =]

This equation is linear. An integrating factor is u(t) = t. Therefore the equation
ty' +y = 6t cos(4t)
is exact. Grouping terms, we find
(ty) = 6t cos(4t)
Integrating both sides, it follows that
ty = gt sin(4t) — 2603(425) +C

Therefore 3 3
v=5 sin(4t) — gt_l cos(4t) + Ot~ 1.



(g) This equation is linear. An integrating factor is e’. Therefore the equation
e’y + e'y = e cos(t)
is exact. Grouping terms we obtain
(e'y) = e’ cos(t).

Integrating both sides, it follows that

1 1
ely = éet sin(t) + §et cos(t) +C
Therefore 1 ]
y=73 sin(t) + 3 cos(t) + Ce™".

(h) The equation is separable. Separating it, we obtain

1

/_
1_y3y =1.

To integrate this equation, we must use partial fraction decomposition. We find

1 A By +C
_|_

1—y? 11—y 1+y+y?
Clearing denominators, we obtain
1=A(1+y+y*)+ (By+C)(1—y).

When y = 1, this shows 1 = 34, so A = 1/3. When y = 0, this shows 1 = A + C, and
therefore C' = 2/3. Comparing coefficients of y?, we also see that A = B, and therefore
B =1/3. Thus

I 1/3 +1/3y+2/3
1—y3 1—y 1+y+y?
Therefore

1 1/3 1/3y +2/3
dy = | =24 +/—d
/1—y3 Y /1—y Y 1+y+y? Y
1/3 1/3y +1/6 / 1/2
= [ Lo ay+ | gy + | —= 4
/1—y Y /1+y+y2 i 14y +y? Y
1/3 1/3y+1/6 / 1/2
- [ L2 q +/—d + d
/1—y Y T+ryt+a2 ) 3/4+ (y+1/2)2"7

1 1 1 2
=——In|l—y|l+-In[l+y+ 2+—tan1<— —|—12>+C
gl —y[+gnfl+y+y7 7 \/g(y /2)

Therefore

1 1 1
—gln\l—y|—|—§In|1+y+y2|+—tan_1

7 (%(y+1/2)) =z+C.



Problem 3 (Waaaaait a minute!). Explain what is wrong with the following argument:

Consider the differential equation
y=1-2
Integrating both sides, we get the equation
y=y-y +C.
Simplifying this, we get the solution y* = C' meaning that

y::i:\/a.

Solution 3. The problem with this “solution” is that the person integrated the function of
y with respect to x. In particular

/1—2yd:p7é/1—2ydy:y—y2+q

/y’dy;«é/y'dmzy—i-a

Thus the whole argument is garbage from the beginning.

just as

Problem 4 (Slope fields). For each of the following initial value problems
(i) Plot the slope field

(ii) Based on the plot of the slope field, predict the behavior of a solution to the IVP at
large values of ¢

(iii) Explicilty solve the IVP

(iv) Based on the explicit solution of the IVP, determine the behavior at large values of ¢

—~
53
~—~—
Qt\
I

<
—~
—_
|
<
no
~—
<
—~
(e
~—
I
—_

Solution 4. The equation y' = y(1 — y?) is separable. Solving it in the usual fashion, we

obtain the family of solutions
Y

N

How can we solve for y here? Squaring, we obtain

= (Ce".

2




Multiplying by 1 — y? on both sides, this becomes

y2 — Ce2:p o y2062x.

Therefore
y2<1 4 Ce?x) — 06213’
making
s 0621
Y71 + Ce2z’
Thus

C’ 2z
N
1+ Ce2

(a) Note that the family of solutions that we found does not contain a particular solution
to this IVP. However, a solution does exist! In particular y = 1 is a solution. Based on
the slope field, this makes a great deal of sense!

(b) An explicit solution is given by
6235

y= 14 e2e’

As x — o0, this shows that y — 1, which agrees well with the picture of the slope field.

B 36290
y= V 3e2r —1°

As x — o0, this shows that y — 1, which agrees well with the picture of the slope field.

(c¢) An explicit solution is given by

Problem 5 (Second order equations). Consider the second order differential equation
y// _ y — O

(a) Show that the change of variables z = ¢ 4+ y in the above second-order equation trans-
forms it into the first order equation

2 —z2=0

(b) Find the general solution of the first-order equation of (a)

(c) By substituting the value of z back into the equation z = 3’ + y, find the value of y.
Your final answer for y should involve two arbitrary constants.

Solution 5.

(a) If z =y 4y, then 2/ = y” + ¢/, and therefore vy — y = (2’ —y') —y = 2/ — 2. Thus the
second order equation becomes the first order equation 2z’ — z = 0.

(b) The equation of (a) is separable. The general solution is z = Ae®, where A is an arbitrary
constant.



(c) Since z = y' + y, this means ¢y +y = Ae®. This is a first order linear equation with
integrating factor e®. Therefore the equation ey’ + e*y = Ae** is exact. Grouping, we
obtain (e*y)’ = Ae?*. Therefore e®y = Ae?® + B. Tt follows that

y = Ae® + Be™*,

where A and B are both arbitrary constants. Note that the general solution of the
second order equation that we just found involves two arbitrary constants, instead of
just one.

Problem 6 (Solving Initial Value Problems). Find a solution to each of the following
initial value problems

(a) ' = wcos(y), y(0) =1
(b) ¥ =e"+y,y(1) =2
(c) % 42y=te y(1)=0
(d) zy + 2y = sin(z), y(7/2) =1
Solution 6.
(a) This is separable. Separating, we obtain
sec(y)dy = xdzx.

Integrating, we obtain

1
In|sec(y) + tan(y)| = 5:102 +C.

Then substituting in 1 for y and 0 for x, we get C' = In |sec(1) + tan(1)|, and therefore
our particular solution is

1
In|sec(y) + tan(y)| = 5352 + In|sec(1) + tan(1)|.

Note that in this case it is too difficult to solve for y in terms of z.

(b) This equation is linear with integrating factor p(z) = e~*. Therefore we have an exact

equation

efxyl _ efxy — 1
Grouping and integrating, we obtain

e ty=ax+C.

Therefore the general solution is

y=uze *4+Ce "
Using the initial condition y(1) = 2, we get C' = 2e — 1. Thus

y=xe "+ (2e—1)e ",



(c) This equation is linear, with integrating factor e*. Solving it in the usual way, we obtain
the general solution

1
Yy = §t26_2t + Ce 2,

The initial condition y(1) = 0 then tells us C' = —3. Thus
1
Yy = §(t2 —1)e 2,

(d) This equation is linear, with integrating factor x. Solving it in the usual way, we obtain
y = —a 'cos(z) + 2 ?sin(x) + Cx 2

The initial condition y(7/2) = 1 then tells us C' = 72/4 — 1. Therefore the particular
solution is

y = —x " cos(z) + 2 sin(z) + <%2 - 1) 2
Problem 7 (An almost homogeneous equation). Consider the differential equation
y =xcos(y/z) +y/z
(a) Explain why this is not a homogeneous differential equation
(b) Find the general solution of the differential equation.
Solution 7.

(a) The right hand side is not a function of y/x only because of the extra factor of x
multiplying cos(y/z).

(b) Even though it isn’t homogeneous, we can still try the substitution z = y/x and 3’ =
2z + xz2’. Doing so, we obtain the equation

z+ a2 =wxcos(z) + 2.

This simplifies to
2 = cos(2).

This is separable, with solution
In|sec(z) + tan(z)| = = + C.
Then using z = y/x, we obtain
In|sec(y/x) + tan(y/x)| = = + C.

Note that in this case it is too difficult to find y in terms of x only.



