MATH 307: Problem Set #7

Due on: Feb 11, 2016

Problem 1 First-order Variation of Parameters

The method of variation of parameters uses the homogeneous solutions of a linear
ordinary differential equation to determine the nonhomogeneous solutions. In this
problem, we explain the method of variation of parameters for first-order linear equa-
tions.

Consider the first-order linear equation

Y+ b(x)y = f(x).
The associated homogeneous linear equation is
Yn + b(@)yn = 0.

Note that this equation is separable — and therefore has the solution

yn = Cexp(— / b(x)dz).

The method of variation of parameters is to propose a solution to the nonhomo-
geneous equation y = v(z)ys(x), where here v(z) is the “varying parameter of yj.
From this, we calculate

Y = (@)yn(x) + v(@)y ().
Furthermore, since y}, () = —b(x)yn(x), this simplifies to

y = (v'(z) = b(z))yn(x).

Substituting this into the original differential equation yeilds

(v'(2) = b())yn(z) + b(@)yn(z) = f(2).
This simplifies to

Therefore
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and since y = v(z)y,(x), the solution is

= y(x (z) T

In summary, the method of variation of parameters is the following.
METHOD OF VARIATION OF PARAMETERS

Step 1: Calculate the solution y,(z) of the associated homogeneous equation

Step 2: Calculate the integral [ ! (&'Ex)) dx

Yn
Step 3: Multiply the integral by y(z) to get y
Use the method of variation of parameters to determine the solution of the fol-

lowing initial value problem
Yy —y/x = xsin(z).

Problem 2 Second-order Variation of Parameters

The method of variation of parameters outlined in the previous problem extends to
differential equations of higher order. The idea is still fundamentally the same — we
use the homogeneous solutions of a linear ordinary differential equation to determine
the nonhomogeneous solutions. In this problem, we explain the method of variation
of parameters for second-order linear equations.

Consider the second-order linear equation

y" +b()y + c(z)y = f(a).
The associated homogeneous linear equation is
Yh + 0(@)yp + c(x)yn = 0.

This is a second-order homogeneous linear ordinary differential equation, and there-
fore should have two linearly independent solutions y;(z) and ya(x).
The method of variation of parameters is to propose a solution to the nonhomo-
geneous equation
y = vi(@)y1(x) + va(2)y2(2),

satisfying the additional condition that

Y =@y (z) + va(w)ys ().

where here vy (x) and vy (z) are the “varying parameters” of the homogeneous solutions
y1 and 5. Then performing a calculation that is similar to, but more involved than
the one in the previous problem, we find

[ —ye(2) f(x) _ [ n@)f(=)
'Ul(fE)—/Wdl’, ’Ug(l')—/Wdaj
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where here W(x) := Wlyi; 1] = y1(2)yh(z) — yo(z)y; (x) is the Wronskian of y; (z)
and ya(x). Then since y = vi(x)y1(z) + vo(z)y ( ), this shows that

)+
v=ne) [ LI g 0y [0S0,

In summary, the method of variation of parameters is the following.
METHOD OF VARIATION OF PARAMETERS

Step 1: Calculate two linearly independent solutions y; (z) and y» () of the associated
homogeneous equation

Step 2: Calculate the integrals

[ @) f(x) _ [ n@)f(z)
Ul(x)—/wdx, v2(x)—/—dx

Step 3: Multiply the integrals by y;(x) and yo(z), respectively, to get y

Use the method of variation of parameters to determine the solution of the fol-
lowing initial value problem

Problem 3 Continuity Problem

In each of the following sketch a graph of the function and determine whether it is
continuous, piecewise continuous, or neither on the interval 0 < ¢ < 3.

(a)
2, 0<t<1
f(t) = 1, 1<t<2
3—t, 2<t<3

t, 0<t<l1
fH)y=4 3—t, 1<t<2
1, 2<t<3
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Problem 4 Laplace Transforms

In each of the following, deptermine the Laplace transform of the given function f(t).
Note that n is a positive integer and a is a real constant.

(a) f(t) = cosh(at) [Recall that cosh(at) = (e™ + e~*)/2]

(b) f(t) = te*
(c) f(t) = tsin(at)
(d) f(t) = tme

Problem 5 Inverse Laplace Transforms

In each of the following, find the inverse Laplace transform of the given function

(a) F(s) = 755
(b) F(s) = 2
(¢) F(s) = oiaa
(d) F(s) = z2

(¢) F(s) = 25

$2—2s5+2

827 S
(1) F(s) = Sitest2

(g) F(s) = 272+

() F(s) = 22

52425410

Problem 6 Solving IVPs

In each of the following, use Laplace transforms to solve the initial value problem
(a) ¥ +3y +2y=0,y(0) =1, y(0) =
(b) " =2y +2y=0,y(0) =0, y(0) =
() ) =

)

(d) ¥ + w?y = cos(2t), y(0) = 1, ¢'(0) = 0 (Here, w is a constant and w? # 4.)

y' +2y +5y=0,y(0)=2,y(0
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Problem 7 Step Functions

In each of the following, sketch a graph of the given function on the interval ¢ > 0
(a) g(t) = ur(t) + 2us(t) — Gua(t)
(b) g(t) = (t = Du(t) — 2(t — 2)ualt) + (¢ — B)us(t)

Problem 8 Brackets to Step Functions

In each of the following, sketch a graph of the given function on the interval ¢ > 0,
and then convert the function from bracket form to step function form

(a)
1 ifo0<t<2
f(t) = { 67(t72) if ¢ > 2

(b)
¢ H0<t<l
fo1 if1<t<?2
FO=93 ¢ 9 ifa<t<3
0 ift>3

Problem 9 Laplace Transforms of Step Functions

Find the Laplace transform of the given function

(a) f
0 ifo<t<?2
ﬂw—{@—azﬁt22
(b)
0 ifo<t<l1
?2—2t42 ift>1
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Problem 10 More Inverse Laplace Transforms

Find the Inverse Laplace transform of the given function

(a) F(s) = -

s24+s5—2

(b) F(s) =%

52—4

(C) F(S) — 6754_6*23_6,33_6745

s

Problem 11 Solutions to IVPs with Discontinuous Forcing

In each of the following problems, find the solution of the given initial value problem

0 ifo<t<mw
(a) v +2y +2y=nh(t),y(0)=0,9'(0)=1,h(t)=¢ 1 ifr<t<2n
0 if2r <t

1" / o . ’ o . 1 1f0§t<10
o) o'+ 39+ 20 = £0.00) = 0,0 = 0. 50 = { | TS

(¢) ¥ +y = us(t), y(0) = 1, ¥/(0) = 0.
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