
Math 309 Quiz 3

November 19, 2015

Problem 1. Write down the definition of the fundamental period of a peri-
odic function f(x).

Solution 1. The fundamental period is the smallest positive value of T for
which f(x+ T ) = f(x) for all x.

Problem 2. Consider the function defined by f(x) = x for −1 ≤ x < 1, and
with f(x+ 2) = f(x) for all x.

(a) Sketch a graph of the function that includes two full periods

(b) Find the Fourier series for f(x).

Solution 2.

(a) A plot of the function is included below
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Plot of f(x) over a few periods

(b) We next calculate the Fourier series of the function. Since f(x) is odd,
we know that the an terms will all be zero. (Again, this is because the
integral of an odd function over a symmetric domain is zero). Therefore
we need only calculate the bn terms. Note also that the fundamental
period of our function is 2. Using the Euler-Fourier formula we have
that:

bn(x) =
1

L

∫ L

−L
f(x) sin

(nπx
L

)
.

Now since the fundamental period is 2, we take L to be 1 in the above.
Furthermore since f(x) is odd and the product of two odd functions is
even, we can multiply by 2 and just integrate from 0 to L. Thus

bn =

∫ 1

−1
f(x) sin(nπx)dx = 2

∫ 1

0

f(x) sin(nπx)dx

= 2

∫ 1

0

x sin(nπx)dx = − 2

nπ
x cos(nπx)|10 +

2

nπ

∫ 1

0

cos(nπx)dx

= − 2

nπ
cos(nπ) +

2

n2π2
sin(nπx)|10 = − 2

nπ
cos(nπ).

Therefore since cos(nπ) = (−1)n, we have that bn = 2
nπ

(−1)n+1, and
therefore

f(x) =
∞∑
n=1

2

nπ
(−1)n+1 sin(nπx).
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