Math 309 Quiz 5 (Groups)

May 25, 2016

Problem 1. Consider the wave problem

2
Ut = C Ugy

uw(0,t) =0, u(L,t)=0
u(z,0) =0, wu(z,0) = g(x)

where here

(a)

4z /L, 0<xz<L/4
g(x) = 1, L/4<xz<3L/4
ML—z)/L 3L/A<z<L

Find a solution to the wave equation of the form

u(z,t) = Z an sin(nmet/L) sin(nma /L)

n=1
for some constants a,,

If the vibration of a string is described by wu(z,t) as in (a)then the energy
in frequency w, = n/(2L) is given by

[

E, = -Kc“na,,

2
where K is some constant having to do with the material properties of
the string. Use your answer in (a) to plot the energy E,, as a function of
the frequency f, (take K = 1,¢ =1). In which frequency is the energy
largest? What happens to the energy as n — oo?

Solution 1.

(a)

Recall that the a, are related to the coefficients in the sine series expan-
sion of f(x), so we calculate that first. To do so, we reflect g(x) oddly and
then extend it 2L-periodically, and take the Fourier transform. Doing
so, we have that

g(x) = Z qnsin(nmz/L)



where

Qn = %/ g(x)sin(nmz/L) = %/0 g(x)sin(nmz/L)dz.

—L

Then since g(x) is continuous with piecewise continuous first derivative,
we may use integration by parts:

/0 g(x)sin(nmz/L)dr = ;—ig(x) cos(mrx/L)\OL—i-%/o g (x) cos(nmx/L)dx = L g (x) co

nm Jo

Then since
4/L, 0<z<L/4
g(x) = 0, L/A<z<3L/4
—4/L 3L/4<z<L

we have that

L L/4 L _
L g (x) cos(nmz/L)dx = L (/0 4 cos(nmz/L)dx +/ —4 cos(nwx/L)dm) _ AL

nm Jo nm L spa L

Therefore we see

=53 (sin(nm/4) + sin(3nw/4)) .

Then the a,, from the statement of the problem are related to the ¢, that
we just calculated by a, = qnnim. Consequently we find

a, = nf—fi”c (sin(nm/4) + sin(3nm/4)) .

The energy in frequency w, = n/(2L) is given by

1 6417 . . 2
E, = §KW (sin(nm/4) + sin(3nn/4))

Plotting F,, with respect to w,, we get the following graph:
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In particular, the most energy is in the lowest frequency, and the energy
in each frequency dies off rapidly as w, — oo.

Problem 2. Consider the same wave problem as in Problem 1

(a) Use the method of d’Alembert to find a solution of the wave problem in
Problem 1, with ¢ =4 and L = 1.

(b) Plot u(z,1/8).

Solution 2.

(a) To use d’Alembert’s method, we extend g(x) oddly and 2L-periodically.
Therefore the integral G(z) of g(x) will be even and 2-periodic, with
227, 0<z<1/4
G(z) = xr —1/8, 1/4 <z <3/4
—5/4 +4x —22%, 3/4<z<1

Since ¢ = 4, the solution is then:

u(z,t) = %C(G(x +4t) — G(xz — 4t)).



(b) From (a), we have that
1
u(,1/8) = 2 (Glz +1/2) - Gz — 1/2)),
which is an eighth of the difference of G(z) shifted to the left by 1/2 and

G(x) shifted to the right by 1/2. A plot of G(z) (which again is even
and 2-periodic) and the shifted functions G(x + 1/2) and G(z — 1/2) is:
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Then to get the solution, we take G(z + 1/2), subtract G(x — 1/2),
multiply by 1/8, and restrict once more to the domain 0 < z < 1. Below
is a graph of G(z + 1/2) and G(x — 1/2) in the domain 0 < z < 1 along
with u(z,1/8) = $(G(z +1/2) — G(z — 1/2)).
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