
Math 324 Quiz 5 Practice Solutions

February 28, 2017

Problem 1. Suppose that f(x, y, z) is a scalar function and that ~F (x, y, z) =
〈F1(x, y, z), F2(x, y, z), F3(x, y, z)〉 is a three-dimensional vector field. Show
that

∇ · (f ~F ) = f∇ · ~F + ~F · ∇f.

Solution 1. We calculate

∇ · (f ~F ) = ∇ · 〈fF1, fF2, fF3〉
= (fF1)x + (fF2)y + (fF3)z

= fxF1 + fF1x + fyF2 + fF2y + fzF3 + fF3z

= fxF1 + fyF2 + fzF3 + fF1x + fF2y + fF3z

= ~F · ∇f + f∇ · ~F .

Problem 2. Suppose that ~F (x, y, z) is a three-dimensional vector field. Show
that

∇× (∇× ~F ) = ∇(∇ · ~F )−∆~F ,

where here
∆~F = 〈∆F1,∆F2,∆F3〉 ,

for ∆ = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 the Laplacian operator.

Solution 2. We calculate

∇× (∇× ~F ) = ∇× 〈F3y − F2z, F1z − F3x, F2x − F1y〉
= (F2xy − F1yy − F1zz + F3xz )̂i

+ (F3yz − F2zz − F2xx + F1yx)ĵ

+ (F1zx − F3xx − F3yy + F2zy)k̂

Furthermore

∆~F = (F1xx + F1yy + F1zz )̂i

+ (F2xx + F2yy + F2zz)ĵ

+ (F3xx + F3yy + F3zz)k̂
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and

∇(∇ · ~F )

= ∇(F1x + F2y + F3z)

= (F1xx + F2yx + F3zx)̂i

+ (F1xy + F2yy + F3zy)ĵ

+ (F1xz + F2yz + F3zz)k̂

so that

∇(∇ · ~F )−∆~F = (F2yx − F1yy + F3zx − F1zz )̂i

+ (F1xy − F2xx + F3zy − F2zz)ĵ

+ (F1xz − F3xx + F2yz − F3yy)k̂

Comparing ∇× (∇× ~F ) and ∇(∇· ~F )−∆~F , we see that they are the same.

Problem 3. For each value of ~F , determine whether or not ~F is conservative.
If it is, find a function f such that ~F = ∇f .

(a) ~F (x, y, z) = 〈3xy2z2, 2x2yz3, 3x2y2z2〉

(b) ~F (x, y, z) = 〈eyz, xzeyz, xyeyz〉

Solution 3.

(a) We calculate the curl of ~F to be

∇× ~F = 〈0, 6xy2z − 6xy2z2, 4xyz3 − 6xyz2〉.

Since the curl of ~F is not zero, ~F is not conservative.

(b) We calculate the curl of ~F to be

∇× ~F = 〈0, 0, 0〉.

Therefore there exists f such that ~F = ∇f . This implies that

f =

∫
fx∂x =

∫
F1∂x =

∫
eyz∂x = xeyz + h(y, z).
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From this we see

fy = xzeyz + hy(y, z), fz = xyeyz + hz(y, z).

Since fy = F2 and fz = F3, this tells us

xzeyz + hy(y, z) = xzeyz, xyeyz + hz(y, z) = xyeyz.

Therefore hy(y, z) = 0 and hz(y, z) = 0, so that h(y, z) = C for some
constant C. We conclude

f(x, y, z) = xeyz + C.
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