Math 324 Quiz 5 Practice Solutions

February 28, 2017

Problem 1. Suppose that f(x,y, z) is a scalar function and that ﬁ(:c, y,z) =
(Fi(z,y,2), Fo(z,y, 2), F5(x,y, 2)) is a three-dimensional vector field. Show
that

— —

V- (fF)=fV-F+F-Vf.
Solution 1. We calculate

V‘(fﬁ)zv'<fF1,fF27fF3>
= (fF1)e + (fF2)y + (fF3):
= fo 1+ fFi + [y B+ fFoy + 5+ fFs,
= o\ + [y + fFs 4 fFi + fFoy + fFs.
—F.Vf+fV.-F.

Problem 2. Suppose that F (x,y, z) is a three-dimensional vector field. Show
that

—

Vx(VxFEF)=V(V-F)—-AF,

where here .
AF = <AF117 AFQ, AFg) 5

for A = 9?/92* + 0% /0y* + 0*/02* the Laplacian operator.
Solution 2. We calculate

VX (VXﬁ) ZVX <F3y_F2z7F1z_F3xaF2x_F1y>
= (Fme_Flyy_Flzz+F3a:z)€
+(F3yz_F222_F2;rz+Flyx)

+<Flzm_F3x2_F3yy+F2zy)

Furthermore

-~

Aﬁ - (le:r + Flyy + Flzz)i
+ (Fsz + F2yy + FQZZ)A

J
+ (F?)xx + F3yy + FSzz)/];



and

V(V-F)
:v(F1x+F2y+F3z)
- (Flmx + F2yx + F3zx)/7'\

+ (Flzy + F2yy + F3zy)j
+ (Flzz + F2yz + FSzz)/l;

so that

V(V‘ﬁ)—Aﬁ:(FQy;p_Flyy‘i‘F?)zx_Flzz)/i\

+ (ley _F2x:c +F32y _F2zz).]
+ (F1$z - F3:va;+F2yz _F3yy)k

Comparing V x (V x F) and V(V - F) — AF, we see that they are the same.

Problem 3. For each value of F , determine whether or not F'is conservative.
If it is, find a function f such that F = Vf.

(a) ﬁ(x,y,z) = (3zy?2?, 202y 23, 3w?y?2?)
(b) F(x,y,2) = (e¥%, xze¥*, xyev?)
Solution 3.

(a) We calculate the curl of F to be
V x F = (0,6xy%z — 62y°22, dzyz® — 6ay22).
Since the curl of F' is not Zero, F is not conservative.
(b) We calculate the curl of F to be
V x F =(0,0,0).

Therefore there exists f such that F=vV f. This implies that
f= /fx&v = /Flax = /eyzﬁx = ze¥* + h(y, 2).
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From this we see
fy = w2 + hy(y,2), [f.=2ye’” + h.(y,2).
Since f, = F, and f, = F3, this tells us
rze’ 4+ hy(y, z) = xze¥*, xye’® + h,(y, z) = xye” .

Therefore hy(y,z) = 0 and h,(y,z) = 0, so that h(y,z) = C for some
constant C. We conclude

flz,y,2) =ze¥* + C.



